a r t i c l e i n f o a b s t r a c t We examine Galois theory of the T 0 -reflection, for topological spaces and in a more general context. We show that it admits the monotone-light factorization system and the socalled theory of locally semisimple coverings. As expected, the class of locally semisimple coverings coincide with the class of light maps.
Introduction
Let (I, H, η, ε) : C → X be an admissible (= semi-left-exact) reflection. We use here the notation of categorical Galois theory, whose main example has:
• C = Fam(A), the category of families of objects in a category A that has a terminal object 1;
• X is the category of sets;
• I is the index set functor, and H is its right adjoint sending a set S to the S-indexed family of copies of 1;
• η : 1 C → H I and ε : I H → 1 C the obvious unit and counit of adjunction, respectively.
In this context: "reflection" means that H is fully faithful, or, equivalently, ε is an isomorphism; "admissible" means that the induced adjunction (I B , H
• H B (X, ϕ) = (B × H I(B) H( X)
, π 1 ), using the pullback • (ε B ) (X,ϕ) is determined by the composite of I(π 2 ) : I(B × H I(B) H( X)) → I H( X) and ε X : I H( X) → X .
B × H I(B) H( X)
π 1 π 2
H( X)
Let us also briefly recall several basic notions of and related to categorical Galois theory (see [1, 5, [9] [10] [11] [12] [13] [14] ) in a form convenient for our present purposes:
A morphism p : E → B in C is said to be an effective descent morphism if the pullback functor p * : (C ↓ B) → (C ↓ E) is monadic; in this case we will also say that (E, p) is a monadic extension of B. A morphism f : A → B in C is said to be a trivial covering morphism if the morphism (η B ) ( is a pullback. A morphism f : A → B in C is said to be a covering morphism or a light morphism, if it is split over some monadic extension (E, p) of B. The admissibility implies that the functor I is a fibration, and the cartesian arrows with respect to it are the same as the trivial covering morphisms. Moreover, the resulting vertical-cartesian factorization system on C coincides with the reflective factorization system in the sense of [6] corresponding to the functor I considered as a reflection. The localization Loc(M) (in the sense of [5] ) of the class M of trivial covering morphisms coincides with the class of all covering morphisms. The stabilization St(E) (in the sense of [5] again) of the class E of vertical morphisms is what is called the class of monotone morphisms in [5] ; it consists of all morphisms whose all pullbacks are in E. In the context of classical Galois theory and in some other very special situations the pair (St(E), Loc(M)) becomes a factorization system; we then say that our reflection admits the monotone-light factorization (on C). A necessary and sufficient condition for that is given in [5] . A much stronger, not necessary but certainly sufficient condition is:
Condition 1.1 (Identifying X with its replete image in C).
(a) The reflection (I, H, η, ε) : C → X has stable units in the sense of [6] , i.e. the functor I preserves pullbacks of pairs of morphisms in C whose common codomain is in X (recall that preservation of this kind of pullbacks implies admissibility).
(b) For every object B in C there exists a monadic extension (E, p) of B with E in X.
In particular, as shown in [5] , this condition holds for the reflection of the category CompHausdorff of compact Hausdorff spaces into the category Stone of Stone spaces, yielding the classical monotone-light factorization due to S. Eilenberg [7] and Whyburn [18] .
The purpose of this paper is to examine Galois theory of the T 0 -reflection, for topological spaces and in a more general context. In particular we show that it satisfies Condition 1.1 and therefore admits the monotone-light factorization system; we also show that it admits the theory of locally semisimple coverings in the sense of [15] , with the locally semisimple coverings being the same as the light maps. The main result (Theorem 4.8) describes a special situation where the light maps of a reflection (I, H, η, ε) : C → X are characterized as "maps with fibres in X"; this special situation is far more general than the case of the classical T 0 -reflection, and different from the situation considered in [15] .
The paper is organized as follows: Section 2 (= the next section) briefly compares the T 0 -reflection with the totally separated reflection. While the first of them has stable units (a known result), the second one is not even admissible. The characterization of light morphisms of the T 0 -reflection is given, with the proof postponed to Section 4. Section 3 introduces a general context where the reflection (I, H, η, ε) : C → X is constructed out of a functor U : X → S.
In particular this gives the T 0 -reflection when U is the forgetful functor from the T 0 -spaces to sets; this also provides an approach to some "generalized topological T 0 -reflections" (see Remark 3.4) . It is shown that (I, H, η, ε) : C → X has stable units in that context. Section 4 presents suitably modified versions of various conditions from [15] in order to characterize the light morphisms in the situation of Section 3 with some additional assumptions that easily hold for the T 0 -reflection.
In this paper we do not consider, although it would be interesting to do so, various links with recent work of M. Gran, V. Rossi, and J.J. Xarez. Let us just mention that reducing our results from topological spaces to preorders (= "Alexandrov spaces"), and then extending them from preorders to categories, we would arrive at some results of J. J. Xarez [20] ; "some" here means "only a few out of many" of course. 
Monotone-light factorization for the classical T 0 -reflection

Remark 2.2.
What if we will try to replace the Sierpiński space S = {0, 1} with another space? E.g., keeping the same underlying set {0, 1}, we will have two possibilities:
(a) To take indiscrete topology on {0, 1}, which will make all conditions similar to (b)-(f) of Proposition 2.1 hold for all topological spaces. The conditions similar to (g) and (h) will then characterize the indiscrete spaces.
(b) To take discrete topology on {0, 1}, which will still make all conditions similar to (b)-(f) of Proposition 2.1 equivalent; a space will satisfy them if and only if it is totally separated, i.e. if and only if every two distinct points in it can be separated by a clopen (= closed-and-open) subset. However, the conditions similar to (g) and (h) of Proposition 2.1 will again become stronger, and a space will satisfy them if and only if it is a 0-dimensional (which means that its topology admits a basis consisting of clopen subsets) Hausdorff space.
It is well known that the category Top 0 of T 0 -spaces is a (full) reflective subcategory in the category Top of all topological spaces. Moreover, it is known (see Proposition 2.1 of F. Cagliari and S. Mantovani [4] , with a reference to [19] 
where R and N denote the sets of real and of natural (non-zero) numbers respectively and the topology on B is induced from the real plane topology, and we observe:
• B has only one connected component that has more than one element, namely B (0,0) = {(x, 0) | x ∈ R}, and every point in B outside that component is clopen. Therefore I(B) is the quotient space of B, obtained by identifying all pairs of the form (x, 0) with each other, and nothing else.
• Let X be the same set as I(B) with the topology generated by the open sets of I(B) and new open sets M defined for all finite sets M of natural numbers as follows: M = the image in I(B) of the set
Since every open set in B containing B (0,0) also contains at least one of (m, • Intersecting M 's with bounded open subsets of the real plain, we conclude that all subsets in B of the form {( Since the reflection Top → Top 0 satisfies Condition 1.1, it admits the monotone-light factorization system (see Section 1), and it turns out that the light maps are nothing but the maps with T 0 -fibres. We will formulate the result precisely (see Proposition 2.5 below), but postpone the proof to the end of the last section; even though it would not be hard to prove it directly, the more general context used in Sections 3 and 4 clarifies the nature of the problem. 
Stable units for the T 0 -reflection categorically
In this section we fix the following data:
• categories S and X with pullbacks; • a factorization system (Π, Σ) in S;
• a pullback preserving functor U : X → S, which is a Σ -fibration, i.e. admits all cartesian liftings of all arrows from Σ .
Using this data we construct a reflection (I, H, η, ε) : C → X as follows:
• the objects of C are all triples A = (A, A 0 , π A ), in which A is an object in S, A 0 an object in X, and π A : A → U (A 0 ) a morphism that belongs to the class Π ;
• I : C → X is defined by I( A) = A 0 , and accordingly:
•
We will also need a "larger" reflection ( I, H, η, ε) : C → X defined in the same way but requiring the morphisms π A : A → U (A 0 ) just to be in S, not necessarily to belong to Π . (a) C is a coreflective full subcategory in C, and the coreflection R : C → C is constructed in two steps as follows: 
Since I preserves pullbacks, from Observation 3.1 we easily obtain: (a) As I have also learned from G.C.L. Brümmer, there is a general concept of a T 0 -reflection with respect to a "topological" functor in Categorical Topology (see Th. Marny [16] ). Can we extend the equivalence of Example 3.3 to those generalized-topological T 0 -reflections? The answer is easy: it extends (in an appropriate sense) if and only if the unit components of the reflection are cartesian (= "initial" in the language of categorical topology) arrows; the topological categories with this property are called universal in [16] and saturated in [17] and in [2] , and many examples are mentioned in these papers. Recall also that having stable units is a much stronger property than being a direct reflection (both in the sense of [5] ), while only the directness of the reflection is mentioned in [2] . (b) Unfortunately it is not true that the categorical approach of this section "solves all problems": for instance I do not know how could it help to extend the argument involving a free monoid in the proof of Proposition 2.4.
Light maps are the same as locally semisimple coverings
The following definition is a straightforward modification of Definition 1.1 in [15] : Definition 4.1. A class X of objects in a category C (or a full subcategory X in C) is said to be a generalized semisimple class, if for every pullback diagram
with p being an effective descent morphism, the following conditions hold:
(a) if E and A are in X (here and below we mean again: in X up to isomorphism; that is, A ∈ X simply means that π A is an isomorphism), then so is E × B A; (b) if B, E, and E × B A are in X, then so is A. 
, sent to an isomorphism by the pullback functor p * : (S ↓ B) → (S ↓ E). However, using the facts that p is an effective descent morphism and that X has a terminal object preserved by U , it is easy to show that p * reflects isomorphisms. 2 Remark 4.3. Using arguments, similar to ones used in the proof of 4.2(a), one can easily show that if Σ contains all monomorphisms of S, then X is mono-hereditary, i.e. if A → X is a monomorphism in C with X in X, then A is in X. On the other hand, assuming the existence of binary products, we could deduce 4.2(a) from this property using the monomorphism
Following the arguments of [15] , we will now examine the suitable modified version Condition 2.2 of [15] , which is:
• X is in X;
• X has a terminal object 1, and for every morphism 1 → X , the corresponding fibre A × X 1 of f is in X; where the first square is a pullback. Since σ is a monomorphism, the second square in this diagram also is a pullback.
Therefore the morphisms A × S 1 → U (A 0 ) × S 1 above can be identified with the morphisms of the form
more precisely, it suffices now to prove that for every morphism 1 → U (X 0 ), the induced morphism (4. 
Then a morphism f : A → B in C is light if and only if it has all fibres in X.
In particular this proves Proposition 2.5: all assumptions here obviously hold in the situation of that proposition, including 4.8(c) that follows from Proposition 2.4.
